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Abst rac t - -Unt i l  now, the phenomenon f collective spontaneous emission (superradiance) was 
studied, as a rule, for the atomic systems with a discrete nergy spectrum. However, it acquires 
essentially new features in the systems with continuous energy spectra of particles. Two examples of 
such systems are an electron-positron plasma nd an electron-hole semiconductor plasma. 
The review is devoted to the analysis of cooperative, coherent phenomena in these media which 
demonstrate n w remarkable effects of fundamental importance for quantum electrodynamics. The 
possibility of collective spontaneous annihilation ofan electron-positron plasma in a strong magnetic 
field is predicted. Collective annihilation develops considerably more rapidly than the known inco- 
herent processes of spontaneous annihilation and collisional relaxation and leads to the generation of
powerful coherent 7-radiation (annihilation superradiance). 
The nonrelativistic analog of the electron-positron annihilation is the process of interband recom- 
bination of quasiparticles (electrons and holes) in direct-gap bulk semiconductors. We establish 
the feasibility of collective recombination (recombination superradiance) of a magnetized electron- 
hole plasma, which develops through interband recombination f free electrons and holes in direct 
band-gap semiconductors. The limiting parameters of the ultrashort pulses of the recombination 
superradiance are found. According to our estimates for GaAs, in the magnetic fields of the order of 
(105 - 10 e) G the coherent optical pulses of duration (0.1 - 1)ps and intensity ~> 100MW/cm 2 can 
be generated spontaneously in the samples of typical sizes 3 Dm 2 × 30/Jm and electron-hole d nsity 
~>5X 1017cm -3. 
Keywords--Electron-positron plasma, Semiconductor magneto-optics, Annihilation, Recombina- 
tion, Superradiance. 
1. INTRODUCTION 
The phenomenon f collective spontaneous emission, i.e., superradiance (SR), in a system of ex- 
cited atoms or molecules i well known in quantum electronics; ee, e.g., [1-5] for the review. At 
a sufficiently high density, a sample of atoms that are excited by a short pumping pulse into an 
incoherent s ate on one of the upper energy levels emits, after a certain delay time td, a coherent 
pulse of collective spontaneous radiation. The spectral density of this radiation exceeds by many 
orders of magnitude the intensity of usual spontaneous emission from the same number of inde- 
pendent atoms. The duration of the SR pulse is much shorter than the inverse Einstein coefficient 
of spontaneous emission and the relaxation times in the medium: v << T1, T2. This phenomenon 
is due to the effective mutual phasing of the atomic dipole oscillators via the selfconsistent field 
of their emission over time t < td. 
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Until now, SR was studied, as a rule, for the atomic systems with a discrete energy spectrum, 
for example, in the model of two-level molecules [1-7]. Other examples are gamma-superradiance 
of excited nuclei [8-10] or in a system of positronium atoms [11], "neoclassical" SR of molecules 
at highly excited (quasiclassical) vibrational-rotational states [12-15], cyclotron SR of electrons 
gyrating in the magnetic field and possessing the quasi-equidistant energy spectrum [5,16-18], 
and also SR of electron oscillators in the free electron lasers [19-22]. However, it was recently 
shown [23-26] that SR acquires essentially new features in the systems with continuous energy 
spectra of particles. Two examples of such a system are the electron-positron (e-e +) plasma 
and the electron-hole (eh) plasma in semiconductors. The review is devoted to the analysis of 
cooperative, coherent phenomena that may develop in the course of annihilation (recombination) 
of free electrons and positrons (electrons and holes). 
The traditional description of pair creation and annihilation processes is based on the ki- 
netic rate equations for the distribution functions of particles and photons which already do not 
contain any information on the phases of electromagnetic waves and self-consistent currents in 
plasma [27-37]. However, as will be shown below, in a su~ciently dense e-e+(eh) plasma the 
annihilation (recombination) process has a collective, coherent character, and occurs in a time 
much shorter than the characteristic time T of the known incoherent processes of spontaneous 
annihilation and collisional relaxation. Such a highly nonstationary process is characterized by 
the presence of correlations in a broad frequency band: r- i ~>~> T- I, where r is the characteristic 
time scale of the collective annihilation (CA) pulse. Therefore, it cannot be described in the 
rate approximation of independent spectral components of the radiation, the width of each of 
which would be small in comparison with T-I. This means that in the analysis of the process 
of CA  it is not possible to confine oneself to a traditional quantum-electrodynamic calculation of 
the cross-sections of elementary processes with corresponding rate equations for the transfer of 
the annihilation radiation. One has to make a correct assessment of the cooperative interaction 
between e-e+(eh) pairs by the self-consistent field of their annihilation radiation. 
In principle, the necessary information on the cooperative effects in the radiation processes in 
an e-e + plasma is contained in the photon polarization operator which was calculated several 
times in the different approximations, starting from the works [38,39], both in the isotropic 
plasma and with taking into account the external electromagnetic field (using the exact solutions 
to the Dirac equation in an external field); see, e.g., [28,40-45]. However, the results obtained 
are practically intractable due to their complexity, so that even the qualitative effects that can 
be hidden in them usually remain unnoticed. Therefore, it is challenging to apply the obtained 
computational results to the specific physical problems and to extract the novel effects. 
In the present paper, on the basis of polarization operator calculated in [44], we predict the 
phenomenon of collective spontaneous annihilation of a dense (degenerate) e-e + plasma in a 
strong magnetic field, which develops via the coherent acts of one-photon annihilation. 
It is evident that to obtain the ultrashort pulses of coherent radiation in a nonrelativistic 
dense plasma, one has to deal with the cooperative processes of the same kind as CA of a 
relativistic e-e + plasma. The most straightforward application is the collective recombination of 
free electrons and holes in a semiconductor, some features of which were probably observed in [46]. 
There exists a deep analogy, discussed, e.g., in [45,47], between an eh plasma in magnetized 
semiconductors and an e-e + plasma in a strong magnetic field. In both cases, the photon 
dispersion near the threshold annihilation frequency is determined by the square-root singularity 
of a dielectric tensor [23,24,26,45,47,48]. As is shown in the present paper, this analogy allows 
one to apply the results of the analysis of CA  to the problem of recombination SR in a system of 
eh pairs. At the same time, the recombination SR has some specific features as compared with 
CA process that are related to 
(i) the nonrelativistic motion of particles, 
(ii) the neglect of the recoil, 
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(iii) the isotropy of dielectric tensor due to a small gyroradius as compared with the resonant 
electromagnetic wavelength, 
(iv) the importance of reflections from the facets of a semiconductor sample, etc. 
According to the general approach of the electrodynamics of active media [5,49-51], our treat- 
ment is based on the analysis of normal waves in an active medium (degenerate e-e + or eh 
plasma). Such a macroscopic approach directly takes into account he cooperative behaviour of 
particles and the coherent effects in their interaction with a self-consistent radiation field [5,51]. 
The use of this method implies the semiclassical description of the matter-field interaction [52,53]. 
It is usually valid in the presence of a sufficiently large number of photons, when the electro- 
magnetic field can be regarded as classical and described by Maxwell equations. The quantum 
properties of e-e + or eh plasma are determined by a dielectric tensor which defines the mean 
current density (including the annihilation current) induced in a medium by a probe electromag- 
netic field. This approach adequately describes the spatio-temporal dynamics of averaged (in 
the quantum-mechanical sense) quantities. It can be invalid only for the analysis of quantum 
fluctuations at the initial stage of CA, when the photon occupation umbers in the field modes 
are less than unity. (However, even quantum SR fluctuations may be related to the normal waves 
found within the approach of the electrodynamics of active media; see, e.g., [54].) 
In Section 2, we consider the collective spontaneous decay of a degenerate e-e + plasma in a 
strong magnetic field B of the order of the critical value Bc = m2c3/eh ~ 4.4 x 1013 G (e and m 
are electron charge and rest mass, c is the light velocity in vacuum, h the Planck constant). 
In Section 2.1, we derive the dielectric tensor of a magnetized e-e + plasma near the threshold 
frequency of one-photon annihilation, 
2mc 2 
w0 = hsinS' (1) 
where 8 is the angle between a wave vector k and an external magnetic field B. The properties 
of the normal waves in an e-e + plasma near the frequency w0 are found. In Sections 2.2 and 2.3, 
the problem of CA is solved in the model of unidirectional propagation of radiation. The linear 
and nonlinear dynamics of the annihilation radiation field and plasma density are analyzed and 
the self-similar solution is found. In Section 2.4, we consider the effects of angular divergence 
of radiation and of the kinematic flying apart of particles in the plasma bunch. Section 2.5 is 
devoted to the analysis of competing incoherent relaxation processes and the physical situations 
in which the phenomenon of CA could be observed. 
In Section 3, the possibility of collective spontaneous emission (superradiance) through inter- 
band recombination of free electrons and holes in direct band-gap semiconductors is discussed. 
It is known that SR may be treated in a sense as a limiting regime of operation of corresponding 
pulsed lasers, which imposes the principal restrictions on the minimum duration of generated 
coherent pulses. As for the semiconductor lasers, they still do not exhibit the superradiant 
generation regime. For all we know, the attempts [46] to achieve collective spontaneous emission 
by interband recombination of free carriers rather added new questions to the issue. The pulses 
obtained had a duration of several picoseconds and intensity, that is, energy flux density, ~ (100- 
500) MW/cm 2. In the rate but not superradiant regimes of special semiconductor lasers, pulses 
of approximately the same power and duration were obtained [55-67]. The analysis of the process 
of CA in idealized bulk semiconductors, presented in this paper, reveals the main difficulties in 
achieving the superradiant generation i  semiconductors, and establishes the limiting parameters 
of the ultrashort coherent pulses generated; see also Section 3.6. 
In Section 3.1, the possibility of recombination SR in an isotropic intrinsic semiconductor is 
analyzed. We show that fast intraband relaxation and strong inhomogeneous broadening suppress 
the cooperative ffects in the spontaneous radiation of free electrons and holes with isotropic 
momentum 
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In the remaining sections we consider the situation in which an intrinsic semiconductor is placed 
in a strong homogeneous magnetic field. In Section 3.2, the criterion of SR recombination i the 
semiconductor magneto-optics is established. It is shown that the singularity in the spectral 
density of electrons and holes on the Landau levels greatly favors the realization of SR process. 
The dispersion analysis of the recombination i stability is presented in Section 3.3. On the 
basis of the generalized optical Bloch equations we derive the dielectric onstant of a degenerate 
eh plasma near the fundamental bsorption edge. The dispersion of normal waves in a magnetized 
plasma is investigated. 
In Section 3.4, the dynamics of SR in a unidirectional model of pulse propagation is investi- 
gated. Following the similar problem of annihilation instability in an e-e + plasma, we point out 
and analyze the self-similar solution for the radiation field amplitude and plasma density. The 
max imum intensity, typical delay time and duration of the SR pulse are found. Both times turn 
out to be much shorter than the characteristic times of the incoherent relaxation [46,56,57,68--81], 
even at room temperature. This proves the cooperative, coherent nature of the phenomenon. 
In Section 3.5, we study the effects of reflection of radiation at the facets of a sample or in 
an open resonator. The dispersion of discrete modes in a semiconductor sample of finite length 
is analyzed. The nonlinear dynamics of mode SR is investigated on the basis of a single-mode 
model. The duration and the max imum intensity of the ultrashort radiation pulse are found. 
In Section 3.6, we summarize the limiting parameters of the ultrashort powerful SR  pulses and 
make a comparison with the present-day pulsed semiconductor lasers operating in a rate regime. 
The conclusions are presented in Section 4. 
2. COLLECT IVE  ANNIH ILAT ION OF e -e  + PLASMA 
IN A STRONG MAGNETIC  F IELD 
2.1. Normal  Waves near the Threshold of One-Photon Annihilation 
Our treatment of CA  is based on the electrodynamic analysis of the dispersion properties of 
normal waves in a magnetized degenerate e-e + plasma. 
Wave dispersion in a magnetized vacuum and e-e + plasma was investigated, e.g., in 
[39,41,42,45]. Near the resonant frequency w0 we can greatly simplify the expression for the 
dielectric tensor and find the solution to the dispersion equation. This allows us to estimate 
the value of not only non-Hermitian but also Hermitian part of the dielectric tensor for different 
values of plasma density and to take into account the dependence of the growth rate of unstable 
normal waves of plasma density. In the limit of large and small densities the expression (23) for 
the growth rate coincides with that found in [45]. 
We will analyze the normal waves in a uniform magnetized e- e + plasma on the basis of a general 
expression for the dielectric 4-tensor, obtained in [39] to the first order in radiative corrections 
with using the exact Green functions of the Dirac equation with an external magnetic field, and 
written in explicitly covariant form in [44]: 
i i~v(w,k ) = aB 2 dpz (e - ¢)12 + ¢% - e %, ~,, [rqq,(k)] (2) 
21rBc 21r ~ta~'--8"~q -----'~q7~i'6 [Fq'q(k)] ~ e¢' v. 
~t qt 
This tensor elates the Fourier components of the 4-vectors of the induced current density to the 
potential of the probe field. Here c~ = e2/hc is the fine structure constant, 
2nB  + p c2 ] 1/2 
£q= [m2c4( 1+ Bc ,] ' (3) 
is the absolute value of particle energy in an external magnetic field B -- Bz ° (see Figure la), the 
prime indicates the final state of the particle, e, e ~ = 4-1 label states with positive and negative 
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are the occupation umbers of the quantum states q = n, l, a, where n = l-{-Ca + 1)//2 energies, nq 
is the main quantum number, I the orbital and a = +1 the spin quantum number. According to 
the conservation of the z-projection of momentum, it is assumed in (2) that e~P~z = epz - hkz. 
The vector-function [rq, q(k)] is the spatial Fourier component of the Dirac current density. 
An explicit expression for it is given in [82]. For instance, when n = n ' = 0, we have for the 
z-component 
---- ~ exp 
2Bc (hks in0~ 2] (1 
- -F  \ 2mc ] j 
m2c 4 C2pzplz 
~'Eo~o-------U + ~'-~0~0, ] " (4) 
Since we are interested in an e-e + plasma of high density in a strong magnetic field B ~ Be, we 
will confine ourselves for simplicity to the limiting case of the completely degenerate electrons and 
positrons on the lowest, ground Landau level with the same density of electrons and positrons: 
(~c)3 /2  1 (~c)  3/2 1 B P._.F_F < N1 -- ~ -~ x 1.24 x 1030 cm -3, 
Ne-  2~A3 c E mc V~r2As (s) 
where Ac = h/mc _~ 4 x i0 -II cm is the electron Compton wavelength. The above inequality 
implies that the Fermi energy is not too large: 
=-- EnffiO(Pz = PF) < ~nf l (Pz = 0), (6) 
i.e., the Fermi momentum PF < mc(2B/Bc) 1/2. This allows us to assume that the higher Landau 
levels are unoccupied (Figure la). Moreover, we neglect he contribution of the nonzero Landau 
levels to the dielectric tensor, keeping only terms n, n' = 0 in (2). The latter is justified by the 
narrowness of the CA radiation spectrum, which is concentrated near the threshold frequency w0 
of pair annihilation on the ground Landau level. (This excludes from the analysis the cyclotron 
resonances, i.e., those values of the magnetic field for which the radiation frequency coincides with 
the transition frequency between any of the Landau levels.) It is evident hat the contribution 
made to the non-Hermitian part of the dielectric tensor by processes of creation and annihilation 
of e-e + pairs on the higher Landau levels is equal to zero at frequencies below the threshold 
frequency nearest o w0, i.e., below 
COl W2C 2 [(1 + 2B/Bc)  I/2 Jr" i] 
---- hsine (7) 
After the simplifications are made, the integration in (2) can be performed. The resulting 
dielectric tensor e,j (w, k) = ~,j + 41rX~j, (i, j = x, y, z) differs from the Kronecker symbol ~j only 
by the longitudinal susceptibility 
cIIzz V~mscgb { 47rihw 3
Xzz(w,k) --- " -~  = Ir2h4w2-'~--_c2kz2)~ mc2(w2 _ c2kz2) 
4~z~ (;~ 2 (_l)gCgL:g } 
mac 4 '  + - #-)  + E x / l+  (pg/mc) 2 ' 
g=l  
(8) 
where 
b = 8 -~ B--: exp - \ 2~c / J '  
(~)~ hk , (~,  + 2~) ~2 
¢1,5 = ~-~ + m2c2(~2 _ c2k~), 
(9) 
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(a) The scheme of one-photon annihilation of e-e + pairs. 
! e-,e + 
(b) Geometry of the CA radiation of photons of the extraordinary wave with the 
wave vector k and polarization e. 
Figure 1. 
(PF + pg)(hkz - PF -- Pg)[m 2c2 '}- PFPg -t- tt(m 2 -{- p2/c2)1/2]" 
~g ---~ log ~FF-  Pg)(akz -~-PF Pg)[ m2c2 --PFPg "~- It( TFt2 "~-p21C2) 1/21 
+ log L [--~-~ 2 + (nk , -  pF)p~ + ~_(m2 + p]/c2)1/21[(.~2C2 + p~)l/2 + P~IJ' 
= (,?n2C 4 ..}_ p2_FC2 ) 1/2, ~4- --'~ [?n2C 4 + (~kz • pF)2C2] 1/2 • 
(9 cont.) 
Here Pl,2 are the momenta of the electron and positron that annihilate into a photon with 
frequency w and the longitudinal wave number kz = kcos# (Figure la). According to the energy 
and momentum conservation laws, we have 
I ~M [ 4~2C4 I 1/2 
pl,2 = hk, ± ~, ~ = ~-c I - h2(w 2 _ c2k2)j (10) 
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As is known, the most important feature of the susceptibility (8) is the annihilation resonance: 
Xzz ~ co when 
4m2c 4 
2 2 __ :~2.  i l l )  w 2 ~ c k z + 112 
It is a root singularity and is related to the singularity in the density of states of electrons and 
positrons near the edge of the band gap (cf. the Van Hove singularities in solids). In the case 
kz = 0 this is obvious due to the fact that d-YJ- I = c¢. The case kz ~ 0 can be reduced to d£o p==0 
the previous one by a Lorentz transformation. We can also consider it directly and find that the 
density of states of e-e + pairs that are able to annihilate with emission of a photon with the 
fixed longitudinal momentum hkz has a singularity (Figure la): 
dPz p==hk=/2 d[£o(pz) + £o(hkz - Pz)] = co. (12) 
In such a single-axis medium, in accordance with the Fresnel equation [49,50] 
(c2k2~j  - c2kik j  - w26ij) E~ = 0, (13) 
there exist an ordinary and an extraordinary plane normal waves, proportional to E exp( - iwt  + 
ikr). In the ordinary wave the electric field amplitude E _l_ k, B and the refractive index ck /w - 1. 
The extraordinary wave is polarized elliptically in the k, B plane (Figure lb). Solution of its 
dispersion equation 
W2 = c2k2 4~rXzz(w,k)(w2 2 2 - - c kz ) ,  (14) 
shows that in a degenerate e-e + plasma it is unstable and has a quasitransverse polarization, 
i.e., kE _~ 0 (since for this wave 
E= 
- -  = -ezz ctgO, lezz - 11 = 47r lXzz(w,k) l  << 1, (15) Ez 
for k = Rek). 
In an initial-value problem we have to find the complex frequency of this unstable wave we (k) = 
1- - *  l l  w e -e tw e as a function of a real wave number k for an arbitrary angle 8. Far from the annihilation 
resonance (1), when Ick - w0] >> w~', Ick - w~l, it is determined by the first correction to the 
vacuum dispersion law w = ck: 
we(k)  ~- ck(1 - 27r sin2 8 • Xzzlw-~ck), 
(~0)2  (k~ ) -1/2 
wle'(k) ~-- ~/-2w0bsin 2 8 - -  - 1 , k > ko = w_o0. (16) 
c 
This growth rate w~' can also be obtained irectly from the well-known formula for the probability 
of one-photon annihilation [44]. 
However, the most interesting region of maximum values of the growth rate lies near the 
resonance (1) and cannot be described by the rate approximation (16). In this region, the 
dispersion equation can be reduced approximately to a cubic equation for the detuning from the 
resonance frequency ~ = ckx/cos 28 + 4rn2c2/h2k 2, 
ys + Ry + Q = o, 
R = (k0 - 1 + ~bo) sin28, 
(~00 ) 1/2 ~} y=- i  oJ _1  c-k' 
Q = b0 sin 3 8, 
(17) 
(is) 
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b0 = 8v~ Bc exp - , (19) 
if we assume that b0 << 1 and keep only linear terms in the expansion of L~g from (8) in a series 
in powers of/3/mc << 1. In this resonance approximation 
Xrz ,,~ bo {~(pF, kz) + isinO } 
-- --~'~ (w l~o-: T)ll2 • (20) 
Since we are interested in the solution of the dispersion equation in the case PF ~ I/TI, when the 
imaginary part of (20), containing the terms with step-function z}, is greater than the dispersion 
factor ~(pF ,  kz),  we will not give its explicit dependence on kz. For the transverse propagation, 
we have 
-- = 2 - 1 (21) 
The dispersion of the extraordinary wave for the wave numbers k in the vicinity of/co -- wolc 
is determined by solving equation (17): 
u + v ivS(u -  v) 
Y= 2 2 ' 
{ Q [(~) 3 /~/21 /2 ) 1/3 (22) 
u,v= --~ + + 
It follows from (22) that the growth rate has a maximum equal to 
w" x/3Q 2/a [8_~B ( ~_£) ]  2/3 V~sin20 (23) 
w'--o -~ ~ = ~ exp - 2 
/ 
I 
/ 
/ 
/ 
/ 
i 
/ 
/ 
! . i  
/ 
it 
ix 
i 
I . \  
0 ~_ 3(it/2)1/3 4 K/Zo 
Figure 2. The dispersion of the unstable extraordinary wave a~e(k) = w ~- + ioJe ~ near 
the one-photon annihilation threshold w0 - ck0 --- 2mc2/hsin0; solid line is the 
resonant approximation (22)-(25), dashed line is the rate approximation (16). The 
curves are plotted for the values B = Be, 0 = Ir/2, PF  = inc .  
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Figure 3. The growth rate w" (23) (Curve 1) and the inverse delay time td I (37) 
(Curve 2) of CA in a sample of a degenerate -e  + plasma for PF > APF = 
(fR#O/C)(W"/WO) 1/2, 8 = ~r/2, S = Lc, ~d = 10, and also the incoherent one-photon 
annihilation rate (Curve 3) for Are = 4 x 10 ~s cm -3 as functions of the magnetic field 
strength B / Bc. 
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The value w~'(k) ,-, w" -- max 0~l(k) is reached only in the narrow band of wave numbers [k- kol/ 
< Q2/3/sin 2 8 << 1 (see Figure 2). Within this "resonance" band, 
~,'~(~) -~ ~o sin 2 o + c~ cos 2 01 + 1°2/~2- 1 + ~ , (24) 
R 2 
~:'(~1 = w0-y~ 
while outside (more precisely, when (k - k0)/ko >> 0,2/8/sin2$ and Xzz << B~)/3) the rate ap- 
proximation (16) is valid. The instability is most effective for the transverse propagation, i.e., 
for 0 = Ir/2. In Figure 3 the dependence o/'(B/Bc) is shown; with decreasing magnetic field 
B << Bc the growth rate fails exponentially, while with increase of the field to B ~ 103Bc it 
reaches the value of the order of ~0 and after that cannot be described by (23). The scale of the 
spatial coherency, i.e., the maximum length at which the annihilating e-e + pairs are still causally 
coupled by their own radiation, ks determined by the so-cailed cooperative l ngth Lc = c/w". For 
B = Bc and 0 = Ir/2 we obtain ¢o" -~ 3 x 10 TM 8 -1  <:<: 0J 0 '~ 2 X 1021 S -1  and Lc "~ 1 ~. 
Note that the growth rate depends very weakly on the plasma density, while the max imum ~v" 
does not depend on it at all. This saturation is reached in a sui~ciently dense plasma, when 
particles occupy all states in the range of momenta Pz of width of order 2/3 for [w - w0[ ~ ~"/2, 
i.e., 
(OJ/t ~ I/2 ~bJO (26) 
ApF = \wo/  csi-"~O' 
near the value ttkz/2 (Figure la). It is the annihilation of these particles that gives rise to the 
instability of the extraordinary wave propagating in the given direction 0. The corresponding den- 
sity, that saturates the maximum growth rate at the level (23), is determined from the condition 
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PF > (APF + hkz)/2, i.e., 
B(ApF+l ikz)  B r (  2tuz,, )1/2 ] 
Ne > N (s) =No Bcmc =- No- c lkm ZZ  .3o +2ctg0  , 
1 
No ~ 4 z~-Ir 2"° -~ 4 x 1029 cm -3. 
(2z) 
Saturation first occurs for the wave propagating transversly to the magnetic field (0 = 1r/2); 
for B = Be~4 at Ne (s) -~ 1027 cm -3, and for B = Bc it occurs at Ne (s) _~ 4 x 102s cm -3. This 
saturation of the growth rate at a constant level, in contrast o the law w" o~ N 1/2, known 
for SR of two-level molecular media, is related with the degeneracy of the e-e + plasma. Note 
that an instability itself arises only above the degeneracy threshold, when the averaged over 
the range ApF occupation umber n of the annihilating states satisfies n - (n~(pz)) > 1/2 in 
the vicinity of Pz = likz/2. Indeed, in the general case it is easy to show that the sign of w" 
" both in the resonant and in the coincides with the sign of the factor 2n - 1, and the value we, 
rate approximation, is obtained from (16) and (25), respectively, by replacing b --* 12n - lib. At 
high temperatures kBT >> # or at low densities Ne << Ne (s), when n << 1, an absorption due to 
one-photon pair production suppresses the annihilation instability: 
,, p~ [ Ne ~ 2maxw ~, o¢ Ne 2. (28) 
we "~ m---h "~ \We(S)/ 
2.2. Model  of Unidirectional Propagat ion of Annihilation Radiat ion 
Consider the formation of the CA-radiation field 
1 
ez(t, s) = 5Ez(t, s) exp(-/w0t + ikos) + c.c., (29) 
from spontaneous initial ( t = 0) fluctuations Eo(s), and the propagation of radiation along one 
direction s in a sample of e-e + plasma with sizes L~ << Lx ~< Lc << Lz (Figure lb). At the 
initial, linear stage, when the occupation umbers n -~ 1 and the slow complex field amplitude 
Ez(t, s) is small enough, its temporal Laplace transform 
obeys the equation 
Ez (p, s) = Ez (t, s) exp(-pt) dr, (30) 
[co ] 
+ p - 2. iw0xzz(p)  sin 2 o Ez(p, s) = E0(8). (31) 
Equation (31) is retrieved from the dispersion equation for the unstable extraordinary mode 
(Section 2.1) with the neglect of spatial dispersion effects, and under the assumption that 
47rlXzz(W)[ << 1. For the susceptibility Xzz(W) in (31) we restrict ourselves to the resonant 
approximation (20), retaining the dependence of Xrzz(p) on p -- i(wo - w) only in the resonant 
denominator oc l ip  1/2 and neglecting the difference between ~ and wo. 
The solution to equation (31) describes the nonstationary amplification of an envelope of plane 
unstable waves in the annihilating e-e + plasma, and is expressed in the form of the convolution 
Ez(t,s) = 1 Eo(s')D(s - s',t)ds', (32) 
C 
in terms of their Green function 
,/+,= {(.-.,> } 
exp [p-27r/W0Xzrz(p)sin20] -t-pt dp. (33) D(s - 8', t) = ~ , -ioo c 
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Expanding the exponent in a series in powers of p-l~2 and integrating, we obtain 
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~ ~'~ exp[-iko(s - s')&bo] 
n=o (34) 
We will neglect he contribution of the dispersion factor oc ~b0 to the exponent, since over the 
lengths s - s' < Lc it is smaller than unity. At lengths s < Lc we also neglect he retardation 
(t-~ t) and find that the main contribution to the convolution Ez(t;,s) for sufficiently smooth 
initial conditions ([dEo/ds'[,,=o << ~lEo(O)[/s) is given by the region with the greatest amplifica- 
tion length: the vicinity of the point s' = 0. Then, convolving the series (34) term by term with 
the initial field Eo(s'), we find the intermediate (at the linear stage) asymptotics of the field for 
t ---* oo: 
Ez(t,s)~-Eo(O)-~'-~ exp [~exp ( -6 )  ] , 
= [(6 × 3'/2)s] 2/3 (35) 
-Lc j (W"~:) 1/3 >> 1. 
According to (35), the delay time td needed for the field to reach its maximum, nonlinear 
level Em (see (43),(47) below) and the duration ~- of the leading edge of the CA pulse, defined 
by the condition 
~[t=td--~" "~~]t=td -- I, (36) 
~ f s ~ -2 3td 2 
td = 6 X 31/20j,t ~ J~ , 7" ~ "~d' ~d -~ ~ log >> 1. (37) 
are equal to 
The corresponding width of the radiation spectrum (Aw < ./.-1) turns out to be smaller than the 
growth rate w" (for s ,~ Lc by a logarithmically arge factor). This narrowing of the spectrum is 
a natural consequence of the nonstationary amplification of the radiation in the process of CA. 1. 
The dependence of the characteristic timescales on B/Bc for ~d = 10 is given in Figure 3. 
Note that the form of the intermediate asymptotics (35) and the corresponding self-similar 
variable ~ ce s2/at 1/3 differ substantially from those known for SR of two-level atoms, for which 
~ (st) 1/2. This is due to the fact that the singularity in the susceptibility of an e-e + plasma 
near the annihilation resonance is a root singularity, and not the linear one as it is near the 
transition frequency in atoms. As a result, the dynamics of CA at the linear stage also turns out 
to be different. 
2.3. The Nonl inear Stage of Collective Annihi lat ion 
To find the spatio-temporal profile of the radiation pulse, it is necessary to take into account 
the nonlinear depletion of density of annihilating e-e + pairs. Roughly, by neglecting the subtle 
kinetic effects associated with the redistribution of particles over the momenta, we may assume 
that the radiation in a given direction s at frequencies close to ~0 is generated by annihilation 
of e-e  + pairs with momenta Pz lying in the interval of width ApF (26) near the value hkz/2. 
Then, the change of the averaged (over this range of momenta) occupation umber n(£0) of the 
IThe regular solutions considered here and below are valid only over the lengths that do not exceed ct d ~_ Lc~d/2, 
i.e., several cooperative l ngths Lc ,~ 1JL. Otherwise, at the different segments oflength ,,~ ctd, independent CA 
pulses will be generated and will form an irregular sequence as a result of their propagation and reabsorption i  
a plasma; see, e.g., [83]. 
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electron (or positron) states with energy E0 -~ hw0/2 is determined by the energy conservation 
law 
B ApF (38) ANe 0_n_n0t = Im(PEz~)2h ' AN~ = No Bcc me 
Equation (38) describes the transformation of the total energy of e-e + pairs into the energy 
of 7-radiation as a result of work done by the field Ez over the current jz = -iwoP of the 
annihilating pairs. In this approximation we take into account hat the main factor defining the 
formation or the CA radiation pulse is the disappearance, and not the braking of particles. It 
is this fact that leads to the essential difference of CA from usual instabilities in a plasma, e.g., 
from beam instabilities [84]. 
In the resonance approximation the Fourier transforms of the polarization P and field Ez at 
the nonlinear stage are related with the expression (where we put for simplicity ~ _~ w0) 
. . . . .  exp(i~r/4) 
P(p,s) = - bo(2n- ,)Vwosm~ ~ ) Ez(p,s). (39) 
It generalizes (20) to the case n < 1 (neglecting the small nonresonant contribution O(pf, kz)), 
and contains the instantaneous local value of the occupation umber n(t, s), since the formation 
of the polarization response of the e-e + plasma occurs more rapidly than the evolution of the 
particle distribution function. Performing the inverse Laplace transformation, we obtain the 
integral equation 
b0 (~)  ~ t [2n(t''s)- - t~  P(t,s) = - 27r ~-osin0exp dr'. (40) 
To analyze the nonlinear stage of CA, we must solve (38) and (40) together with the truncated 
wave equation 
OEz OEz 
-~ + c-~- s = 2~riwoP sin 2 0, (41) 
describing the propagation along s of a quasiplane wave in the range of angles 
A0 sin 2 O ApF _ 2 ( w" ~ 1/2 
= - -  , (42) 
mc k wo ] 
(it coincides with the diffraction interval ,,~ (AoLc)l/2/Lc for s ,~ Lc, determined by the size of 
the first Fresnel zone (AoLc) 1/2, A0 = 2r/k0). Neglecting the retardation, as in (34), we find the 
self-similar solution of this system: 
3/2 
Ez(t, s) = ENL [(6 x 31/2)1/28] Lc j EA(~), 2n(t, s) -- 1 = An(~), (43) 
E~L = th-v0 sin 2 OANe. 
It is defined by the ordinary integro-differential equations 
dan 31/2)1/27r -1 Re (~3pAE~) , (44) dEA 9EA = PA, ~ = --(6 × 
/3~ 1/2 PA=~-~) exp (~'~-)  ' -1 ~ An(x)EA(x)x2dx 
. (45)  
For ~ >> 1 at the linear stage, when An(~) ~ 1, the solution of equations (44),(45) has the 
intermediate asymptotic form 
EA(~) ~-- EA(O)~-9/4 exp [~exp ( -~ ) ] , (46) 
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which is matched with the asymptotics (35) obtained above, to within the unimportant pre- 
exponential factor. Therefore, the solution (44) at An < 1 is the continuation of (35) to the 
nonlinear stage. Due to the exponential growth of the field, the initial values'of the integral PA 
in (44) at the values ~ ~< 1 up to the matching point are unimportant. As a result, we obtain 
universal profiles of the field EA and pair density An as functions of one self-similar variable 
(Figure 4). They describe the spatio-temporal dependence of the rapid growth and decay of~ the 
coherent 7-radiation, confirming the estimates of the spatial and temporal scales of CA giveii in 
the end of Section 2.2. The self-similar solution (35),(43) has a relativistically covariant form and 
does not depend on the angle 0 for the given transverse sizes (L~,~) of the bunch. Therefore, the 
different groups ApE(O) of e-e + pairs in the vicinity of each value of the momentum Pz = likz/2 
generate similar CA pulses (with retardation by a factor 7 = 1/sin 0) with the same maximum 
amplitude of the z-component of the field, equal to Em ~- (s/Lc)3/2E3L/~/2. For s = Lc and 
B = Bc the value Em -~ 3 x 10-4Bc. 
~., 501E. I 
0.5 
- 0.5 
0 
\// 
Figure 4. Self-similar p ofiles of the field amplitude IEAI (solid curve) and the excess 
An = 2n -- 1 of the number of e-e + pairs above the degeneracy threshold (dashed 
curve), according to equations (44),(45). The curves are plotted for EA(O) = 10 -s, 
An(0) = 1 as functions of ~ (x  s2/3t 2/3. 
The energetics of the process is dictated by the motion of the annihilation "discharge front" 
= ~d into the plasma bunch. At the maximum of the CA pulse the Poynting vector of the 
generated quasiplane wave of an amplitude Ez is determined by the annihilation rate of e-e + 
pairs, which is proportional to the discharge-front velocity [~[ = s/2t - c(31/2s/Lc~d)3: 
cE2z 
~ (47) 
8r sin 2 0 ar  
This immediately gives the above-indicated maximum value Ez ~ Era. The duration of the CA 
pulse (at the level 0.5) turns out to be of the order of the delay time td. 
2.4. The Angu lar  Divergence  o f  the  Rad ia t ion  and the  F ly ing  Apar t  o f  e -e  + Pa i rs  
The angular divergence of the annihilation radiation does not substantially alter the process of 
CA in a sufficiently uniform plasma bunch. The point is that the waves propagating in different 
directions  are incoherent and are amplified independently of each other. Therefore, one should 
expect that for sufficiently extended samples (see the footnote above) the radiation dynamics 
is determined by the self-similar law (35), (43)-(45) along each direction s (with diffraction 
accuracy). 
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To illustrate this, we consider the model linear problem of the annihilation instability of a 
cylindrical linearly polarized wave (e II B), propagating perpendicular to the axis z ° II B of a 
plasma sample of a cylindrical form. (The dominant generation of the annihilation radiation in 
the transverse (0 ~ 7r/2), and not in the longitudinal (0 << 1) direction is determined by the 
angular dependence of the growth rate (23) w" o( sin 8.) 
We will try to find the asymptotic (at large distances from the cylinder axis r >> A0) solution 
of the inhomogeneous wave equation in the form 
{ sin me )"  (48) 
Then for the field amplitude E we arrive at the previous asymptotics (35) apart from an unim- 
portant pre-exponential f ctor and a change of the effective amplification length by a value ,~ A0. 
Thus, the entire change in the spatial structure of the field due to the angular divergence r duces 
to the asymptotics of the Hankel function 
H~ ) ~ ~ exp(ikor), (49) 
and the temporal dynamics practically does not change. 
¢ 
f 
(a) 
(b) 
Figure 5. Spatio-temporai evolution of the distribution function f (Vz,  t, z) of e -e  + 
pairs flying apart along the magnetic field: (a) at the initial moment of time t = 0; 
(b) at the time of the maximum of the annihilation radiation, t = t d. The boundary 
velocity Vb = pF(m 2 -4- p2F/C2)-l/2. 
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Figure 6. (a) Initial plasma bunch; (b) geometry of annihilation radiation, at dif- 
ferent angles 0 and different frequencies w0 = 2mc2/?$sinO, of groups of e-e + 
pairs flying apart from the initial plasma bunch with different longitudinal momenta 
Pz = ?tkz/2 ~_ rnccot8 at the time t = td. 
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The model problems olved above make it possible to present a picture of the process of CA of an 
arbitrary three-dimensional e -e  + plasma bunch. We need only to make into account hat for the 
relatively short bunches (Lz << ct4(1 + m~c2/P2F)l/2 ) the particle distribution function f(Vz, t, r) 
changes due to the kinematic flying apart of particles along the magnetic field (Figure 5). The 
different groups of e -e  + pairs with a spread of momenta ApE (26) near the value Pz = hkz/2 fly 
away from each other with velocities Vz = ccos0 and radiate at times td(8) at different spatial 
points, practically independently on each other: each at its own frequency wo = 2mc2/hsinO 
and under its own angle 6 = arccos(z/ctg). The total radiation cone is determined by the range 
of angles 9 E (0min, 11" - -  8min) .  The fastest group of e -e  + pairs, with momenta Pz ~- PF, emits 
at the angle 0ra in  ---- arctan(rrtC/pF). As a result, the regions, where the radiation with different 
frequencies and propagation angles is generated, are spread out along the z-axis (Figure 6). At 
the same time, in the frame comoving with each group of e -e  + pairs (moving with velocity Vz = 
ccos0), the formation of the CA pulse occurs in the same way, according to the relativistically 
covariant self-similar solution found above. For the existence of CA it is necessary only that the 
longitudinal dimension Lz of the initial plasma bunch be greater than the distance ALz  by which 
the e -e  + pairs inside the group have flown apart by the time td (see (37)): 
(w"~ 1/2 
Lz > ALz  = tdAVz -- 2ct d sin8 - -  (50) 
\w0 / " 
In this case the change of the distribution function inside a given group of the e -e  + pairs as 
a result of the kinematic flying apart is small, and the pair density obeys (38). For sin 0 ,,, 1 
and s >~ Lc the shortest length, starting from which CA is suppressed by the flying apart, is 
ALz  ~ Lc~d(Wll/wo) 1/2, i.e., of the order of fractions of an/~ngstrom. 
The power of the coherent 7-radiation from each group of e-  e + pairs with sizes Lx ~ L~ ,~ Lc 
and Lz "~ ALz  can be estimated by taking into account hat in the time ,,~ td approximately half 
of the pairs annihilate: 
ENLLee (w '~ 1/2 AW ,., hw°ANeL~ALz  = 2 2 (51) 
2td sin 0 \ w0 / " 
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For B ~ Bc and sin ~ ,~ 1 we have AW ,.~ 1015 erg/s. The total radiation power of the whole 
plasma bunch is greater than (51) by a factor equal to the number of groups and by a length 
factor: 
W ,.., AW 2pF L~ 
ApF ALz" (52) 
For PF "~ mc, when 2pf /ApF  ~-- 20, and Lz /ALz  ~_ 5, we obtain W ,,~ 1017erg/s. This value 
corresponds, e.g., to the annihilation of ~ 10ee-e + pairs of density Ne ~- 10 a° cm -3 in a volume 
1A 3 in a time td ~ 3 × 10 -ls s. 
It can be shown that CA leads to a considerably higher spectral power density of ~-radiation 
than the incoherent spontaneous annihilation. For B ,,, Bc, s ~> 3Lc, and 8 = ~r/2 their ratio 
W~n/W,~ ~ 102, and increases both with decrease and with increase of the magnetic field. 
2.5 .  Co l lec t ive  Ann ih i la t ion  versus Incoherent Relaxat ion  
In this section, we will give an assessment of the role of the incoherent processes that compete 
with the coherent CA and discuss ome observational spects. 
The main competing processes that destroy the phase of the current of pairs participating in
the CA are one-photon and two-photon spontaneous annihilation, electron-electron (e-e-,  e+e +) 
and Compton ('ye-, 7e +) collisions. 
The rate of spontaneous one-photon annihilation can be estimated as the inverse lifetime of a 
positron (e.g., with momentum p~ = 0) with respect to the spontaneous annihilation with all the 
electrons of a degenerate e-e + plasma on the lowest Landau level: 
eB /pv 2 dpz ¢ Pz , 
RI.~ - ~.~1 = 21rhc J_p~ E"~z)'al"yWz) 2~rli 
(53) 
- - - -~  exp - J0 (1 + x2)1/2 
Here we have used the well-known expression for the cross-section ofone-photon annihilation i  
the positron rest-frame [32]: 
2 2mc c { [ / a lx (Pz )=4r  aAc v--~f ~-exp - 1+ 1+ 
Pz xme/  / j 
(54) 
As is clear from Figure 3, in a wide range of densities and magnetic fields spontaneous one-photon 
annihilation develops with a rate (53) much lower than the CA rate: R17 << w". Only at a very 
high density, when Rl.rtd ~>~> 1, spontaneous annihilation can lead to some reducing of e-e + 
plasma density by the time td of the formation of the CA pulse. However, since w" >> RI~, this 
will not lead to the complete suppression ofCA, just as the energy relaxation with time T1 ~> td 
does not suppress SR of an active medium [1,2,5]. This effect can be qualitatively described in 
the adiabatic approximation, by introducing the relaxation term - r~ ln ( t ,  s) into equation (38). 
The rate of spontaneous two-photon annihilation in a strong field B >~ Be/4 is shown [32] 
to be less than the one-photon annihilation rate, R2~ ~< RI~, and for RI~ << w" its role is 
negligible. For somewhat lower magnetic fields (B < Bc/4) the one-photon annihilation rate 
decreases a  compared with the two-photon rate: R17 < R2~; however, for relatively low densities, 
/kPF ~ PF ~ mc, the CA growth rate can remain greater than the rate of spontaneous two- 
photon annihilation, R2~ << w". Only with further decrease of the magnetic field (B < 0.1Be) 
two-photon annihilation becomes dominant. Note, however, that in this case for high enough 
plasma densities the process of two-photon annihilation could also have a collective character. 
According to [85], the frequency of electron-electron collisions in the magnetic field B .~ Bc is 
sufficiently small, v~e << td 1, in a wide range.of plasma densities, up to PF "~ inc. Only beginning 
from PF >~ 10mc this inequality can be violated. 
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Furthermore, according to [86], the cross-section for the Compton scattering of a photon with 
frequency close to the threshold value by an electron in the magnetic field B ~ Bc is of the 
order of several Thomson cross-sections aT --~ 7 × 1025 cm 2. Therefore, the mean free path of the 
annihilation photons l~ should be much greater than the cooperative l ngth Lc, i.e., the effective 
amplification length of radiation. For example, for Ne ~ 1030 cm -3 we have l~ ~ 100/~ >> 
Lc ~ 1~. To summarize, neither of the incoherent processes that we have discussed forbids the 
realization of one-photon CA. 
The question whether the CA phenomenon can be observed remains open. The strong mag- 
netic fields B ~ Bc are realistic both for astrophysical conditions (neutron stars) and for some 
laboratory experiments (collisions of heavy ions [87-89]). Bunches of e-e + plasma of the required 
density Ne >~ 1026 cm -3 and sizes s >~ 1A could be probably formed in relativistic particle col- 
lisions, both in the magnetospheres of compact stars and in collider experiments. For example, 
in [90] a hypothetical experiment is discussed, in which the counter propagating electron and 
positron beams, after separate acceleration i toroidal chambers, merge and collapse (pinch). 
As a result, in the opinion of the author of [90], who takes only the spontaneous annihilation 
into account, the e-e + plasma bunch is compressed to a density of the order of nuclear density 
(1015 g/cm 3) and an azimuthal magnetic field with an intensity at the surface of the bunch of 
1016 - 1017 G is generated. However, the process of CA considered in the present article will lead 
to the annihilation of e-e + plasma with emission of the coherent 7-radiation when the density 
is still several orders of magnitude smaller than that given in [90], and the magnetic field is 
1013 G. 
There are two possible subsequent fates of the annihilation photons as they propagate in the 
vacuum away from the initial plasma bunch. In the situations imilar to that discussed in [90], 
where the magnetic field is strongly nonuniform in magnitude and direction on scales ,,~ Lc and 
over times ~ td, the photons radiated outwards cannot be absorbed ue to the one-photon pair 
production. This variant should take place if the magnetic field is localized near the plasma bunch, 
e.g., if it is generated by the internal plasma currents and vanishes with plasma nnihilation. In 
such cases the collectively annihilating plasma will be the source of the coherent 7-radiation. In 
those situations where the magnetic field is quasiuniform in space and time, the photons will 
remain close to the annihilation resonance conditions and will produce e-e + pairs again, at a 
distance ,,, Lc from the initial plasma sample. In this case the CA process leads, in fact, to the 
rapid and efficient transfer of electrons and positrons across the magnetic field due to one-photon 
pair production, i.e., to the phenomenon of anomalous transverse diffusion of the magnetized 
plasma. As a result, the plasma spreads across the magnetic field, despite the impossibility of 
the direct motion of particles in the direction transverse to B. In this case, an external observer 
will "see' only the burst of incoherent 7-radiation formed by the photons that have escaped from 
the region of effective pair production due to Compton scattering. 
3. RECOMBINAT ION SUPERRADIANCE IN  SEMICONDUCTORS 
3.1. Col lect ive Recombinat ion in Isotropic Bulk Semiconductors 
As was mentioned in the Introduction, the process of collective recombination f free electrons 
and holes is in many ways similar to the collective e-e + annihilation. At the same time, the 
conditions necessary for the realization of CA are rather extreme and imply the presence of very 
strong magnetic fields B ~ 1013 G and e-e + plasma of densities N ~ 1026 cm -s. These large 
numbers arise due to the large energy gap 2mc 2 = 1 MeV between electron and positron states. In 
the semiconductors, the energy gap between quasiparticle states in the conduction and valence 
bands is of the order of 1 eV, which is a million times less. Moreover, the effective masses of 
quasiparticles in semiconductors are less than the free electron mass, which also leads to the 
reduction of the value of the quantizing magnetic field. As a result, the collective recombination 
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process (recombination SR) in direct-gap semiconductors turns out to be achievable for quite 
realistic magnetic fields -¢ 105 - 108 G and plasma densities ~ 1018 cm -3. 
A rigorous treatment of superradiance (SR) problem implies that at initial moment t = 0 the 
coherent (resonant) external field is absent, and the nonequilibrium (inverted) state of active os- 
cillators, i.e., of degenerate electron-hole (eh) pairs in a semiconductor, is created by an incoherent 
pumping. Then, the SR phenomenon is a rapid transient process characterized by spontaneous 
growth and mutual phasing of dipole oscillations of active particles due to their self-consistent 
high-frequency field, with subsequent emission of a stored energy in a coherent way, i.e., faster 
than various processes of incoherent polarization decay [1-6,12,13,46,51,91-97]. The distinctive 
feature of SR  is a sharp shortening of pulse duration with growth of the initial density of active 
oscillators, N. Therefore, its power increases more rapidly than that of incoherent luminescence 
(which is proportional to N), and under favorable conditions may be even proportional to N 2. 
We shall restrict ourselves to the case of an idealized isotropic intrinsic semiconductor with 
direct interband transitions between parabolic bands ~e,h(K) ---- 't-~g/2 ± h2g2/2me,h, K is the 
wave vector of eh states in the Brillouin zone. In such a system, three kinds of relaxation times 
are essential [46,56,57,68--81,96]. (All quantitative stimates are given for GaAs with the band 
gap ~:g -~ 1.4eV and effective masses mh ~-- lOme ~-- 0.Tm0; m0 is the mass of a free electron.) 
(a) The homogeneous time T2 (dynamical), characterizing relaxation of dipole oscillations of a 
certain oscillator (eh pair) with fixed eigen-frequency, we. In an idealized semiconductor it 
is the time of spontaneous radiative recombination of a single eh pair, T2 ~ A -1 ,,, 250 ps, 
- -  e l  h 
where Ae,h = 4w~Sd2,hv/~/hc3 is the Einstein coefficient, and e ~ = Re (e(w~)) _~ 13.4 is the 
dielectric onstant at optical frequency w~ ~ wg = ~:Jh ~ 2 x 1015 s-1. The magnitude 
of the dipole moment, de,h ~-- e(h/2wgme) 1/2 '~ 30 Debye is determined by the matrix 
element of the momentum operator, 
US m0Jd h Peh= --i erVUKhrdsr()() - 
e 
UKe,h are Bloch wave functions for electrons and holes, e is the charge of an electron in 
vacuum, h the Planck constant, c the velocity of light in vacuum. 
(b) The kinetic time r2 (homogeneous and inhomogenons) of intraband relaxation due to 
electron-photon or electron-electron scattering of carriers within conduction and valence 
bands, r2 "~ (0.05-0.5)ps [46,56,57,68-81]. Its value depends on temperature and eh 
distribution that may be strongly nonequilibrium. Since r << T2, the kinetic time ~2 is 
reputed to be an effective time of '%ransverse" relaxation of polarization. 
(c) The inhomogeneous time T~ (static), defined by the bandwith of eigen-frequencies of 
active oscillators, both initially inverted and self-consistently excited in the superradiance 
process. In a semiconductor T~ = h/A6 ~ (0.01-1) ps, where A£  is determined by Fermi 
energy or, more generally, by the energy bandwith occupied by degenerate electrons. 
It may be useful here to apply the results, obtained for a two-level medium [1-7,91-95,97] 
to an open subsystem of inverted oscillators (eh pairs) with frequencies occupying the spectral 
bandwith Aw = AE/h around a certain frequency w0. The collective behaviour, efficient self- 
phasing and generation of coherent SR pulses will occur if the density of these oscillators, AN,  
is high enough. Actually, the mutual coherency in spontaneous emission of all oscillators arises 
provided the so-called "cooperative" frequency, 
{~ 81rwoAN(d2 ) ~ 1/2 
wo-- \  / , (55) 
exceeds the inverted relaxation times (a)-(c). This statement is based on the fact that, without 
taking into account the incoherent relaxation, the value wc/2 equals to the max imum growth rate 
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of plane waves in a boundless inverted two-level medium. Hence, the necessary conditions for 
"ideal" SR are 
1 
>> (s6a) 
1 
wc >> --, (56b) 
1 
~c > m ~ A~. (56c) 
We emphasize that SR in our case and in any other system of unstable oscillators is a self- 
consistent instability process, which does not require any kind of preliminary correlations and 
even the very presence of photons in the radiated modes of the electromagnetic feld. The in- 
teraction energy of a given oscillator with all radiation field modes hAeh-  4~I3d~ehV~//C 3 may 
be arbitrarily small. Nevertheless, it will be sufficient for the fulfillment of the necessary SR 
condition w ~' >> T~ I ~- Aeh (and even the stronger condition w" >~ r~ -1) for large enough spatial 
densities of oscillators. The latter statement does not contradict the existence of strong Coulomb 
interaction characterized by a large electron-electron scattering energy, hr~ -I ~ hAeh. The point 
is that the latter process and any other incoherent scattering, is inherently connected with fi- 
nite radius of interaction between particles. At the same time, the radius of electromagnetic 
interaction between an ensemble of oscillators and SR wave packet is bounded only by its co- 
herence length l in the propagation direction. It may be estimated as l ,~ c/Trw~v~ provided 
the effect of ohmic and diffraction losses on the spatial coherency of the SR field are neglected. 
Then, the energy of collective coupling between oscillators and radiation field may be estimated 
as hw" ~ hAehN(A/2)2l/2, where A = 2~rc/w'V~. In this expression we take into account he 
mutual incoherency oftransverse modes and of counter-propagating waves. This means that only 
oscillators in a volume V1 -- (1/2)SI /M ~_ (A/2)2l/2, corresponding toone transverse mode at a 
path of length l, contribute coherently to the radiation field. Here M ~_ S/(A/2) 2 is a number of 
transverse modes of a sample with cross-section S ~> Al. After substituting I and Aeh the above 
qualitative analysis leads to an exact result for the maximum growth rate [5] w" = wc/2. 
Unfortunately, it turns out that the requirements (56b) and (56c) are incompatible: to overcome 
the kinetic relaxation which is very strong in real semiconductors, the density of eh pairs should 
be unacceptably high, leading to the violation of (56c). 
In such a situation, the rate of collective spontaneous recombination, which is characterized 
by the growth rate w" of self-consistent oscillations of the electromagnetic field and polarization 
c< exp( - iw ' t  + w"t + ikr), decreases considerably as compared with the maximum rate wc/2 
determined by the cooperative frequency of all eh pairs. As is shown in [26], the value of w" 
grows with density of active oscillators too slowly, and when the strong kinetic relaxation isover- 
come, w" > r~ -1, one usually has w" << (T~) -1. As a result, strong inhomogeneous broadening 
suppresses the collective ffects in spontaneous emission of free electrons and holes in semicon- 
ductors. 
To achieve the superradiant regime, one has to take some special measures: 
(i) the suppression ofthe intraband relaxation by a strong coherent field [46,100] or by cooling 
to helium temperatures, or 
(ii) the enhancement of the recombination rate by creating the spectral singularities of eh 
excitations that increase the spectral density of states. In this context it is interest- 
ing to analyze '~mpure" superradiance at the band-to-impurity level transition in doped 
semiconductors [46,69], recombination SR of resonant plasmons or photons at indirect 
band-to-band transitions in strongly nonequilibrium semiconductors with participation of
phonons [69,101-105], and excitonic superradiance, especially at the resonance on specific 
active centres or in quantum structures with reduced imension [69,96,106,107]. 
864 A.A. BELYANIN et al. 
We consider the simplest possibility, namely, the imposing of a homogeneous magnetic field on 
an idealized intrinsic isotropic semiconductor [25,26]. We show that the singularities, arising in the 
density of eh states at Landau levels, strongly enhance the growth rate of collective recombination 
and make recombination superradiance f asible ven for unchanged ipole transition moment. 
3.2. Peculiarit ies of Superradiance in the Semiconductor Magneto-Opt ics 
We shall take into consideration only the ground Landau levels for electrons and holes in 
conduction and valence bands (Figure 7) [48,98,99] 
F~e,h(Kz) = =t=(~g + ~-~Be,h)me,h -.t- h2K2z. 
2me,h 
eB (57) B .-~ Sz  O, °)Be'h "-~ ffrne,------~" 
This is justified in the dipole approximation 
k,-. << 1, k _ < ' /~  ( ~'~'/~ ~ - - ,  rB  = (58) 
c t ,~)  ' 
i.e., for a sufficiently strong magnetic field B >> ~'ha~ilce ,~ 4 x 103 G. In this case, the times 
of intra- and interband transition from the ground Landau levels to the higher levels are much 
greater than the characteristic time of SR, td. (Collective spontaneous recombination from higher 
Landau levels with equal numbers develops in a similar way.) 
~t'k t 
 ,/21 
I 
-K F 
K~ Kl 
Figure 7. The diagram of optical recombination of electrons and heavy holes at the 
ground Landau levels in an intrinsic bulk semiconductor. 
We assume a dipole moment deh to be independent on eh pair energy, and neglect nonresonant 
optical and low-frequency plasma effects (Coulomb and exchange ones) [56,68,69,98,99]. The 
latter give rise to excitonic details of the eh spectrum and reshaping of the band edges, known from 
the generalization of optical Bloch equations to semiconductors and observed in such resonant 
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coherent processes as optical Stark effect, Rabi flopping, or free induction decay [70-81]. In our 
case these spectral details are not only shadowed by effects of screening and degeneracy due 
to large eh pair density ~> 10ZTcm -3, but also seem to be insignificant against he background 
of collective recombination process that develops with extremely high rate and gives rise to 
the coherent interaction of eh pairs in a broad spectral bandwidth. Therefore, for the sake 
of simplicity we assume that many-particle effects in a degenerate eh plasma renormalize only 
the parameters ~g, me,h, de,n of real quasiparticles in Fermi liquid and change the intraband 
relaxation time 72 which is substituted for collision integral in the generalized Maxwell-Bloch 
equations within v-approximation [70-74]. 
In a rigorous formulation of the problem we suppose that at t = 0 the pumping has created 
completely degenerate eh pairs of density 
KF v~ 
N = 21r2r-----~B, KF < --'rs (59) 
at the ground Landau levels. The above inequality for Fermi momentum hKF, especially written 
in the equivalent form, 
h2K 
hAWF =-- 2m < hWB --- I~(WBe + WSh), (60) 
eliminates transitions to the first Landau level by absorption of SR photons produced through 
collective recombination process. To describe the recombination dynamics we employ the effective 
mass approximation, which is valid until the cyclotron radius rB is greater than the lattice period, 
and 
eB ~g memh 
WB -- - -  <<Wg ------ m = (61) 
mc h ' (me + mh) ' 
i.e., B << mavg/e  ~ 107 G. According to inequality (60), it imposes the following restriction on 
density: 
(~gm/h) 3/2 
N << v~Ir 2 '~ 1020 cm -3. (62) 
The spectral density of electron (hole) states is determined by the particle dispersion law (57): 
['cgN'~ v/2-meB 1 wB 
(63) p(hu;') = "~ e,h (27rh)2C ~/~,  _ ha;0 W0 ---- cdg -}- 2 
Note the singularity at w ~ = w0. 
The density of states (63) determines the cooperative frequency (55) of any chosen subsystem 
of eh pairs AN _~ ON (W~-)eAw < N occupying the spectral band Aw < AwF. It is implied in the 
last expression that, using the inequality me << mh, we determine the inhomogeneous ( tatic) 
broadening Aw and the cooperative frequency We according to the filling of the conduction band 
and not the valence one. As an upper limit, we take for our estimations an energy bandwidth 
haw to be equal to the Fermi energy /kVF. Assuming the central frequency of recombination 
radiation to be w ~ "~ wo + AWE~2 and taking deh ~-- e(h/2mw0) 1/2, we obtain the cooperative 
frequency for all eh pairs: 
) (64) 
2~r4h3c2N2 10- i lN 2 
AwE = me2B 2 ,~ B------T-- 
Here, and in what follows, all values in the numerical estimates are given in CGS units, and 
we use for estimates the nitrogen temperature T ,~ 77K easily available, and the magnetic field 
B -~ 3 x 105 G obtained in superconducting magnets. 
C.,AJ~A 34:718-H 
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Returning to criterion (56) we find that homogeneous (dynamical) broadening is overcome 
when the pair density is just above the degeneracy threshold, 
r2h2---- ~ ~ 3 x 10 lz cm -3. (65) 
i.e., when AWF ~ kBT/h  ,~ 1013 s -1. 
Using optical pumping it would be possible to satisfy the condition (56a), i.e., w" >> 1/T2, 
by creating the degenerate pair distribution in the narrower energy band, hAw << kBT, i.e., 
N << NF. However, in this case we usually have Aw ~< wc, so that the growth rate decreases 
up to the value w" ,,, Aw, and for typical semiconductors [56,57,68,69,74-78,81] the inequality 
w" < T~ -1 is satisfied. This means that intraband relaxation destroys degeneracy due to the 
thermal effects and shuts down SR instability altogether. 
Thus, we suppose the following conditions to be fulfilled: 
kBT 
AWF > h ~> T2-1 "~ 03c ~ 5 X 10 12 S -1.  (66) 
Let us show that kinetic relaxation (b) may be overcome in a sufficiently strong magnetic field. 
First, it becomes possible in the case of 03c >> A03F/2, that is, when, according to (64),(65), 
03B >~> ~,8V/~C~ ] ~ 5 X 1013S -1.  (67) 
In this situation the growth rate of collective spontaneous emission 03" is of the order of A03E 
and exceeds the intraband relaxation rate T2 -1. In GaAs this rough estimate corresponds to 
B >> 2 x l0 s G. 
To find the minimum value of the magnetic field required, let us discuss more rigorously the 
opposite case, Wc ~ AWE~2, and find the maximum possible growth rate of collective recombina- 
tion. It is known [48,68,98] that there exists a singularity in the commonly used growth rate of 
self-consistent oscillations of optical field and polarization: 
II Wt$11(03 I) ~, C~ WB II 031 
Wr = 2e'(03') -- 23/23e ' J/ '~-~--W0' Wr < -- 030 < A03F. (68) 
This originates from the singularity in the density of states (63) at the threshold recombination 
frequency w0. The expression (68) can be derived from the absorption coefficient near the energy 
gap [48], or obtained irectly from the expression (55) with AN = p(liw')hAw, using the implicit 
relation w" = (1/2)03c(Aw = 203"). In the last equation the spectral bandwidth Aw includes only 
those eh pairs that interact coherently. 
" due to the Obviously, the expression (68) is incorrect near the resonance I03 ' -  w0] ~< wr
divergence of the iteration procedure usually employed for solving the dispersion equation. (See 
the correct solution in Section 3.3.) This fact allows one to suggest he coherent character and 
the increase in recombination rate of a large number of eh pairs near the fundamental bsorption 
edge. 
One can expect hat the maximum possible growth rate ~" is reached just at the detuning 
]w' -030[ -~ &" defining the validity limit of the expression (68): 
I I  ~}I I  ,~__ [,l~f 10j l__0jO=~II  , 
This gives an estimation for the maximum growth rate ~": 
\ 10e' / ~/3. (69) 
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One can easily find that the same estimate may be obtained from the equivalent relation 
, ,  
~ 2w {,d r -- 
Therefore, the kinetic relaxation 7"21 may be overcome, ~" > 7"21, by imposing a strong 
magnetic field B >~ 3 x l0 s G for 7"~-1 ,,~ 1013 s-1. 
It is worth noting that the value (69) of the growth rate does not depend explicitly on density. 
Such a saturation of the maximum growth rate is achieved at sufficiently high densities. Equating 
the expression (64) for wc with the value 2~" we find the minimum filling level, 
AWF ~-- 2~" ,~ 4 X 109B 2/3. (T0) 
In GaAs it corresponds to the minimum density of the order of Fermi one (65), NF (see (76)), 
and the optical pump-pulse of intensity 
~oL± NF I >> IF ---- "" 40 MW/cm 2, (71) 
7-2 
if the penetration depth L± ~ 1 #m. The pumping has to create the inverted distribution of 
degenerate electrons in the spectral bandwidth (70) above the fundamental bsorption edge for 
the very short time of the order of several 1/~". Independent on the more energetic electrons, 
these electrons will collectivity recombinate with holes, generating a short coherent pulse of 
duration ~< v2. 
In order to justify the above qualitative stimates and analyze the SR dynamics more rigorously, 
one should exceed the limits of the well-known rate equations [56,57,68,69,98,99] for emission 
intensity and eh pair density, and consider the coherent properties of electromagnetic radiation 
near the singularity of the growth rate (68). 
3.3. Dispersion Analysis of Recombination Instability 
To consider an instability of monochromatic electromagnetic waves with frequencies lying close 
to the recombination resonance, w0 = wg + WB/2, we use the approximations (58)-(63) and 
neglect incoherent relaxation and thermal effects. Then by means of general expressions [45] for 
magneto-optical susceptibility ofan isotropic bulk semiconductor we derive the dielectric function 
of degenerate plasma of electrons and holes occupying the ground Landau levels: 
O~WB (mc2 /h)1/2 exp(_k2± r~/2) 
to  - 
3V~W0(w - w0 + iT21) 1/2 
x ,  +-2 log + x /2mh(  - 0 . 
We introduce a nonresonant optical dielectric onstant t0 and set exp(-k~r~/2) _ 1 in the dipole 
approximation (58). In this approximation, the inequality ~" << wB is also satisfied. Together 
with equation (59), it allows one not to take into account higher cyclotron resonances in the SR 
process. The homogeneous broadening that converts SR to superluminescence with decreasing 
density or magnetic field (when v~ -1 >> w", (w ~ - wo)) is included by replacing the term ~ - w0 
with V/w - w0 + iv~ -1, according to v-approximation of the collision integral in the generalized 
Maxwell-Bloch equations. Note that the complex square root always has the arithmetical value. 
The expression (72) can be easily obtained from optical Bloch equation 
( 2wod2eh A nk ) (73) 
Pk + 2T2-11~k "{" ( w2 + 7-2-2)pk = 3h ' 
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which determines the polarization response Pk of oscillators (eh pairs with momentum K and 
interband transition frequency Wk = ($e + Ch)/h, see (57) and Figure 7) on the external field e. 
It is assumed in (73) that the eh pair momentum is conserved, that is, we neglect he photon 
momentum. 
Now, substitute Pk =- Pkexp(-- iwt),  e = Eexp( - iwt )  to equation (73) and define e(w) = 
~0 + 4~rx(w), where 
EPk  = X(w)E. (74) 
g 
We will assume that the population difference Ank is the same for all oscillators: Ank --- An. 
For particles on the ground Landau level the summation over K is reduced to the integration 
over Kz: 
--, dK~, 
K 
where the factor before the integral is the number of electron states per unit momentum interval. 
Using the particle dispersion law (57), we obtain (72). 
Following the similar problem of annihilation instability in electron-positron plasma [23,24], 
we solve the dispersion equation w2e(w) -- k2c 2 and find that there exists only one unstable, 
electromagnetic mode w(k). The real part of its frequency is close to the nonresonant value, i.e., 
w'(k) - Re (w) ~- kc /~,  where e' "~ ¢0, or, to be more precise, [¢ - e0[ ~< 7reo~"/wo. The 
growth rate wa(k) = Ira(w) has the maximum (cf. equation (69)) 
_ (75)  
at the resonant value of wave number ko = vf~wo/c for densities 
N > N, = lr-2 f w"w~m3~ 1/2 1010Ba/3 \ / ~2× (76)  
The latter inequality corresponds to AWE ~> 2~'. For B ~ 3 x 105 G we obtain N ~ 5 x 
1017 cm -3, i.e., N* ,~ NF. The growth rate w'(k)  goes to zero with the decrease of wave number 
(and frequency) from k0 to the value k ~- ko - 21/3 3v/'3-~" /c, smoothly falls with the increase 
of wave number, convening into the "rate" expression (68) at k - ko ~ vf~'o~'/c, and becomes 
negative at detuning w t - wo > l iK~/2m. 
In the case of large densities N >> N* the logarithmic term in equation (72) is insignificant 
near the recombination resonance. Therefore, the growth rate does not depend on Fermi level 
determined by the total number of electrons (59) that are mostly nonresonant. In the opposite 
case of N ~ N*, when AWE ~ 2~" and all recombinating electrons are resonant, he logarithmic 
term is of principal importance, and the dispersion equation becomes transcendent instead of 
II cubic. In this situation the dependence of the maximum growth rate w,n on the filling level AWF 
may be estimated from the following considerations. Near the resonance, k ~- k0, the solution of 
the dispersion equation exists only if the square root v/2rah(w - w0) in the argument of logarithm 
is essentially a complex quantity with absolute value of the order of hKF. Hence, 
h./( 2 
- A F. (77)  
2m 
It is clear from the curve w~(AwF) plotted in Figure 8 that the most favourable situation 
for SR is realised when AwF _~ 2t0" (see equation (70)), i.e., N _~ N*. It makes no sense to create 
N >> N*, since the presence of electrons with higher energies does not influence the formation of 
the main ultrashort SR pulse. 
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Figure 8. The typical cooperative frequency Wc (solid line) and the maximum growth 
rate w" (dashed line) of collective spontaneous recombination of degenerate eh pairs 
in semiconductor magneto-optics a functions of conduction band filling level ~o  F 
(see (64)). 
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3.4. The Formation of the Recombination Pulse in Unidirectional Model 
Let us now consider the dynamics of SR in a real sample of finite length. The crucial point is 
that the field, radiated along a certain direction s, 
e(t,s) = (1 )  E(t,s)exp(-iwot + ikos) + c.c., 
arises due to the amplification ofthe initial (t = 0) spontaneous fluctuations E0(s) and is formed 
by the coherent superposition f unstable waves in the broad spectral bandwidth, Aw ,.~ 2~". The 
following geometry appears to be the simplest and closest o experiment. An initially inverted 
active sample is extended along some direction s and has the length L of the order of several 
cooperative l ngths (see Section 2.1) 
c 4 
L° = wo~"--~-~ ~ B~/3" (~s) 
For B ~ 3 x 105G the length Lc ~ 10/~m, so one should choose L <~ 50#m. (If L >> Lc, 
then independent SR pulses will be created at different segments with lengths of the order of 
several Lc, and after the reabsorption process in eh plasma there will be a chaotic sequence of 
pulses in the output; see, e.g., [83].) The sizes transverse to s are determined by the pumping 
geometry or waveguide structure of a semiconductor, asin heterostructure lasers, and assumed 
to vary in length from fractions to several #m, L± ~ 1 #m. Thus, the total number of collectively 
recombinating eh pairs is N*L2_LL ,,~ 10 T - 108. 
Neglecting the diffraction effects and ohmic dissipation, we use the one-dimensional wave equa- 
tion for slowly varying field and polarization amplitudes 
aE (~o)  OE P(t,s) -~- + ~ = 2~i~o~ (~91 
~0 
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Ignoring the incoherent relaxation for the ultrashort pulse and omitting the logarithmic term 
in equation (72), we find that polarization is related to field by the integral material equation 
(m__~_~) (4 )  Jot[2n(t',s,-i]E(t',s) 
P( t , s ) -  25/23~ r~ wB~0 exp [-~---i')--]~ dr'. (80) 
The delay effects result from the frequency dispersion of eh plasma. The nonlinear factor [2n - 1] 
is introduced in order to take into account he depletion of density of recombinating pairs. In 
this rather crude approximation the kinetic effects of intraband particle redistribution are ignored 
and the evolution of the occupation umber n, 0 < n < 1, of electron states is supposed to be the 
same for all resonant electrons (holes). Namely, n(t, s) is the occupation umber averaged over 
the spectral interval (70), AWE = 2~', which contains N*eh pairs per unit volume. The value of 
n(t, s) varies with time in accordance with the energy conservation law determining the energy 
transfer from these N* pairs to the optical field: 
N •On =I  (PE*) (81) 
Ot m ~ . 
Thus, to describe the semiconductor SR we replace the usual laser (rate) equations with more 
general coherent Maxwell-Bloch equations [5,70-74], greatly simplified by spectral averaging. 
This model ignores details but keeps general features and the very physics of recombination SR. 
In the SR case, when ~" > v~ -1, the incoherent spontaneous processes, including intraband 
relaxation, are insignificant not only at linear, but also at nonlinear stages provided the duration 
of nonlinear SR regime does not exceed ~'2. Moreover, the electron-phonon interaction is known 
to be suppressed by a strong, high-frequency oherent field, specifically, by the SR field [56,57[. 
The solution of equations (79)-(81) may be obtained in a way similar to that described in Sec- 
tions 2.2 and 2.3, where the unidirectional model for annihilation SR of an electron-positron 
plasma has been discussed. At the initial linear stage, when n ~ 1, the solution of equa- 
tions (79),(80) has an intermediate asymptotics at lengths 0 < s <~ Lc, where the retardation 
effects are unimportant: 
E(t,s) -~ 0( exp (~exp , (82) 
( > 1. (83) 
At the nonlinear stage the function (82) turns into the self-similar solution of the system (79)-(81) 
(~c)  3/2 27rhw0N* (84) E(t, s) = ENL EA(~), 2n(t, s) - 1 = A(~), E2L = eO ' 
determined by the ordinary integro-differential equations (44),(45), which we rewrite below for 
conveniency: 
dAn (~3pAE~4) dEA 9EA = PA, - -  = -- Re (85) 
+ ~ d~ (211239/4) ' 
(3 )  1/2 ( -~)  ~ ~An(x)EA(x)x2dx PA = exp ~-1 (86) (~3 __ X3)1/2 
The solution (84) approximately agrees with (82) at any point ~ >> 1 (provided An _~ 1), since 
the prevalue of integral (86) PA at ~ ~< 1 is of little importance due to the exponential growth of 
the field 
EA(,) ~-- EA(O),-914 exp [,exp ( -~- )  ] . 
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The universal profiles of field EA and inversion, An • N* as functions of the self-similar vari- 
able ~ (83) describe the space-time dynamics of rapid growth and the slow decrease of coherent 
recombination radiation. An "absolute" maximum of field amplitude, Era, may be estimated be- 
forehand, using the well-known criterion of self-consistency of optical mutations in the Maxwell- 
Bloch equations [5,46,56,57,108]. Namely, for the self-consistent coherent oscillations of field and 
polarization the maximum Rabi frequency Emdeh/h is equal to the typical spectral bandwidth 2~" 
of the radiation (see (55) and (70)). It gives 
2tkO" 
Era ~ de h ~- ENL. (87) 
According to (82), the SR field achieves its maximum value at the facet of a sample s = L for 
the delay time 
td = ~ 6~_3~r, -1, 
~,t -~ 2 log ~ >> 1. (88) 
The ratio of the maximum amplitude Era to the initial amplitude E0(0) defined by quantum 
spontaneous fluctuations, may be estimated as a square root from the total number of eh pairs, 
(N'L21) 1/2 ~ 104. Hence, ~d "~ 10. The duration of the leading edge of the SR pulse, determined 
by 
=  lt=t  - 1, 
is "r i ~,, 3td/~d, while that of the trailing edge is v I ,,~ td. For the optimal length of a sample 
traveled by light just during the delay time, 
L*= tac "~(~L~,  (89)  
\2 /  
and for the logarithmic factor ~d "" 10 the temporal scale of SR is t~ ,,, 5/~". 
It follows from the analysis of the self-similar solution (83)-(86) that for time interval from 
t = td until t = 2td the position of the field maximum shifts from the edge s = L deep into the 
sample to s = L/vf2 (Figure 9), and the energy of approximately 10% of all eh pairs is radiated 
(taking into account he reabsorption of radiation). This leads to the independent evaluation of 
mean intensity in the SR pulse: 
0.1~0N*L ~ (L/Lc)a~oN*c (90) 
I sR  ~ td - 
Equating (90) with half of the maximum Pointing vector, 0.5cvf~ [E(td, L)[2/81r, and using 
equations (84) we find the value of the maximum self-similar amplitude [EA(~d)[ ~ 3/~ 3/2. The 
numerical solution of equations (85),(86) agrees with this estimate. According to equations (84), 
the maximum of the field amplitude E(td, s) can reach the "absolute" maximum value (87) in 
a sample of optimal ength (89) only, and diminishes in shorter samples as (s/L*)a/2ENL. For 
B ,,, 3 x 105 G and ~ ~ 10 we have L* ,,~ 50 #m and Era "~ 2 x 105 V/cm, so that the maximum 
of intensity in the SR pulse is 
~oN*c  ,,~ 100 MW/cm 2. (91) 
E, 
0.0~ 
0.02 
L /2 L" 
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Figure 9. Typical distribution of the field EA(2td, s) in the semiconductor sample 
of length L* = (~d/2)Lc at the moment = 2t d when the formation of the re- 
combination SR pulse is practically completed; see (78)-(88). The curve is plotted 
numerically on the basis of the self-similar solution (84),(86) with the initial values 
An(O) = 1, EA(O) = 2 x 10 -5, and ~d = 10. 
Owing to the self-similarity ofSR pulse (83),(84), its temporal profile at the output (right) facet 
of a sample, s = L, has the form analogous to the spatial field distribution, shown in Figure 9. 
The neglect of the waves, propagating tothe opposite direction - s  (to the left) is justified by the 
following, well-known arguments. First, a reverse SR pulse arises at different (random) moment 
of time and is formed mainly due to the eh pairs that are located in the left part of a sample 
and are unimportant for the direct SR pulse [5,46,75]. Second, the choosing of one pulse from 
two counter-propagating pulses may be provided by injecting a coherent initiating pulse along 
one of the directions qs, with an amplitude slightly exceeding the level of quantum noise (as in 
SR experiments with activated crystals [109-112]). 
The profile of the SR recombination pulse is considerably stretched as compared with the anal- 
ogous elf-similar profile of the main SR pulse in a two-level medium with a weak inhomogeneous 
(static) broadening [5], where ~ oc v~.  At the same time, within our model which neglects 
the optical anisotropy [45], the dynamics of unidirectional recombination SR in semiconduc- 
tor magneto-optics does practically not differ from that of annihilation SR of electron-positron 
plasma in a strong magnetic field [23,24]. However, in semiconductors the effects of reflections 
at the facets s = 0, L of an active sample need an additional analysis, since due to the large 
value of the nonresonant dielectric onstant ~0 of a semiconductor crystal the reflection factor 
R = (v~ - 1)2/(v/~ + 1) 2 (of radiation intensity) may be of the order of 0.1-0.3. In this 
case counter-propagating waves will be of principal importance ven in the absence of special 
resonator [3-7,97,111-126]. (The conditions close to that required for recombination SR were 
apparently realized in 1976 by means of streamer pumping [55]; unfortunately, to provide the 
efficient generation i the absence of a strong magnetic field the high-Q resonator was used, and 
this did not allow one to observe collective spontaneous recombination at that time.) 
3.5. S ingle-Mode Model  with Reflections 
In a sample of length L ~ Lc even weak reflections on the level of several percent can consider- 
ably shorten the SR time ~d (88), thus increasing the intensity of collective recombination (90) Isx. 
The point is that even a small part of amplified coherent radiation, returning into a sample due 
to reflections (from the boundaries or distributed within a sample) improves the phasing of eh os- 
cillators as compared with unidirectional SR. The analysis of SR of an inverted two-level medium 
in open low-Q resonators gives the same result. As was shown in experiments [111-114], even 
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a very low-Q resonator gives rise to the simultaneous phased emission of two coherent counter- 
propagating pulses with shorter duration and greater intensity as compared with the unidirec- 
tional SR. The specific correlation mechanisms of counter-pulses and peculiarities of mode SR 
were investigated, e.g., in [3-7,97,115-126]. 
The idea of forming the collective spontaneous emission by consecutive reflections of pho- 
tons makes sense only for the samples that are short compared with the optimal unidirectional 
length (89), but are longer than the radiation wavelength: 
2~r 
k--o << L << L*. (92) 
Then a notion of unstable "hot" modes [5-7,97] can be introduced. In a homogeneous one-dimen- 
sional layer of an active semiconductor, a "hot" mode takes the form of two counter-propagating 
inhomogeneous waves radiated outside, for definiteness, into a vacuum (Figure 10): 
jlrc oJj =--~---iv, 
E~ .)'(2) - v~-~IEexp  (±iw~-V~s); (93) 
= $arctanh $1og . (94) 
l 
I 
. 
Figure 10. The structure of "hot" modes (93) in the unidirectional model of collective 
recombination (the solid line corresponds to the field envelope). The ratio of squared 
amplitudes of counter-propagating modes lEVI)'(2)[ 2 at the boundaries ofan active 
sample is equal to the reflection factor R. 
The quantity v represents radiation losses from a sample. It stands for ohmic losses which 
should be added to the dielectric function of eh plasma (72) in the dispersion equation (94) for 
mode frequencies wj(kj), where kj = jlr/L, and j is an integer. Taking into consideration the 
possibility of artificially changing the reflection coefficient, we shall assume it to vary within the 
limits, say, 10 -a ~< R ~< 1/3. The upper limit eliminates the case of high-Q resonator with R - 1; 
otherwise the recombination process would be prolonged ue to inefficient escape of radiation 
from a sample, thus turning into optical mutation [5,108]. For the modes near the recombination 
resonance we have from (94): 
( '~oo)  ib Ak= ~r--~-/ 1 - -0 ,+1,+2,  , wl _1  - Ak-4-i~ = X lwJwo-  l ' koL . . . .  
(95) 
b = 6v~e0w--------~ \ hw0 ) , 6 = (liVe)log koL ' ko = wo._____~c 
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In the case of interest (92), when L ~< Lc -= c/~"v~-o, the dimensionless radiation losses are 
high enough, 6 ~> b 2/3 ,~ ~"/wo. This allows one to solve the equation (95) approximately, 
ignoring the first term (w/wo - 1) for the modes with the greatest growth rates. The maximum 
growth rate 
~" < ~", (96) - Lc log /v ) 
belongs to the mode with wave number detuning Ak of the order of 6/vt3 and frequency shift 
w ~ - w0 -~ v/3w~. The instability of this mode is supplied by degenerate electrons and holes 
located close to the centre of Brillouin zone Kz = 0 in the energy bandwidth 2T~z~, i.e., with 
density 
N*L 
NR = Lclog(1/V~) < N*, (97) 
see equation (76). During their recombination the instability of other modes (95) is of little 
importance because of the large interval between modes: r/koL ,~ 6 for log(1/v~) ~ 1. 
It is worth noting that in the case of a strong field dissipation, 6~"/wo, the unstable modes 
have to do with the so-called photoexcitonium curve of the dispersion equation (95) (cf. [45]) 
w _ 1 - b2(62 - Ak2) i2b26Ak 
~0 (6 2 + Ak2) 2 (6 2 + Ak2) 2' 
and not with the electromagnetic one. Their frequencies lie within the bandwidth ~ w~ around 
the recombination resonance frequency ~0 even for large values of detuning Ak. The instability 
of these modes arises due to ohmic and radiation losses 6. Therefore, the mode SR in the short 
samples L < Lc can be related with dissipative instability of photoexcitoniums [5,7,108]. We do 
not intend to go deeply into this matter, since in the most favourable conditions for SR the values 
of w~-w0, w0Ak, and c#~ ,~" are of equal order, so that the discrimination between electromagnetic 
and photoexcitonium curves near the resonant wave number/co is only formal. Furthermore, in 
an uninverted (vacuum) state of semiconductor, when the parameter b in equations (95) has the 
negative sign (see (72)), photoexcitoniums do not exist in the presence of any real field dissipation, 
however small it may be. 
To describe the single-mode regime of collective recombination of eh pairs with density (97) 
we neglect intraband relaxation, assuming w~ >> r~ -1, and employ the well-known adiabatic and 
mean-field approximations [5-7,97,108]: 
dlEl 
dt 
= J ' (e ) IEh  J '  ~ ~[2 . ( t )  - l]2sigu[2n(e) - I], 
~oLNR~tt = - lE l2cv~~R) (l + V~) -2. 
(98) 
(99) 
The field amplitude of the mode at the boundary of a sample, E = E(1)(0) -{- E(2)(0) - 
E(2)(0) x (1 + v~) ,  (Figure 10) increases in accordance with temporal variation of the growth 
rate w"(t). The evolution of w"(t) is determined by the occupation umber of eh pairs n, 
0 < n < 1, averaged over the energy bandwidth 2hw~ and over the volume of a sample. When 
eh plasma becomes nondegenerate due to the depletion of eh pair density n < 1/2, the quantity 
w"(t) becomes negative and the field amplitude decreases. The evolution of occupation umber 
n(t) is described by equation (99) that relates the changing of eh pair energy in the whole sample 
to the flux of Pointing vector through the facets of a sample, without taking into account he 
energy of electromagnetic f eld in the sample. (For the sake of simplicity the value of decay rate 
Iw"[ used in equation (98) for n < 1/2 is taken slightly less than its actual value, which tends 
to ~ w06 ~> w~ for n --* 0. This leads to a slight distortion of the profile of SR pulse and is 
insignificant here.) 
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Equations (98),(99) possess the integral 
E(t) 2 (_~)a(  (1 ) )3  l _v /~ 212n(t ) 112 const, 
log 1%- -@ + - = 
E2 L = 2r~0N* 
c0 
(lOO) 
i.e., the maximum intensity of SR emission out of a sample: 
IEmRI2Cv/-~(1 - R) (L/Lc)ar~vog*c 
IR ~ 87r(1 + v/-R) 2 = 6v/'~(log(1/V~)) 3" 
EE~ ) IEmn ( (  1 ) )  2(LolL)2 tR~(w~) -xlog =log ~ log ~ 9" 
The delay time tn denotes the point of maximum field amplitude 
dAn (_23)(jAn,3 1)w" 
~" = -- R,  
(t t 'w" 1 { (1- lAn, )  2 } r ~arc tan  [ l+2,An , ]  
- R] R = log 1;~Kn]TT~-nl 2 +4v'~ ~ J" 
(101) 
The field pulse E(t) is symmetric with respect o the point t = tn where An = 0. The temporal 
delay in (101) is connected with the exponential growth of the field at the linear SR stage: 
(102) 
(103) 
The comparison of equations (102) with (88) shows that the formation of single-mode SR in 
samples of lengths (92) practically eliminates the unidirectional regime of SR due to the shortening 
of the delay time: tR < td/2 for 
log ~ < ~log  , (104) 
i.e., beginning from the small reflections R >~ IE(O)/Em[ 1/2 ~ 0.01. As is shown in Figure 11 
(cf. Figure 9), the single-mode pulse turns out to be more pronounced and short; its duration 
is rn ~- 2/w'~ << tn. The maximum pulse intensity (103) exceeds that of the unidirectional SR 
pulse (90), which would be achieved in the samples of lengths 
2 (. 31_og(1/V~) ~3 (105) 
L >~ Le-~ ~,21oglEm/E(O)[] ' 
if the reflections were somehow eliminated. 
However, the lengths required for the formation of single-mode SR are smaller than the 
value (89) L* ~- t~c/v~, so the intensity and duration of the single-mode recombination pulse 
do not surpass that of the shortest possible pulse of unidirectional SR developed in the sample 
with the optimal ength L - L*: 
IR < [log(1/v~)]3, rR > 0.4 log -~ t~. 
It allows one to obtain the easily solvable equation for inversion, An = 2n(t) - 1, with the 
initial values E(0) --* 0 and n(0) --* 1, corresponding to the constant in (100) equal to 2/3: 
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Figure 11. Collective spontaneous recombination in the adiabatic single-mode model 
(meanfield approximation) without taking into account he intra-band relaxation, 
i.e., supposing T2 >> rR -- 2/W~. The profiles of averaged inversion An = 2n(t) -- 1, 
and normalized field amplitude A = IE(t)[/EN£ at the boundary of a semiconductor 
sample of length L = Lc ,,~ 10#m and reflection coefficient R = exp(-2) are plotted 
numerically according to the solution (100),(101) with the initial value E(0) --- 2 × 
IO-SENL . The values (75),(76) are chosen to be equal to ~" = 1013s -1, and 
N* = 5 × 1017cm -a, and correspond to the parameters of GaAs in the magnetic 
field B = 3 × 10 s G. The quantity ENL ~-- 105 V/cm. 
The quantities IR and/ .*  sm rR and t~ are of the same order provided the reflection factor R 
(0.3 - 0.1) and the length L ,., Lc. Then, the necessary restrictions on the intraband relaxation 
time 72 ~ t~ ~ 5 /~"  ~ 0.5 ps, and on the intensity of optical pumping, 
I ~ I* = ~oN*L±&"  ~ 100 MW/cm 2, (106) 
(for L j_ ,~ 1 #m) will also hold. The intensity (106) is to create the degenerate lectrons and 
holes with density ~ NR ~ N* ,.* 5 x 1017 cm -3 for the time of the order of several 1 /~"  ~ 0.1 ps. 
Recall that  these estimates correspond to GaAs in the magnetic field B ~ 3 x 105 G and improve 
with the increase of B due to the relation ~"  ~ B 2/3. 
3.6.  L imi t ing  Pu lse  Parameters  and  the  Compar i son  w i th  Rate  Reg ime 
The above estimates and analysis of collective spontaneous recombination of free electrons 
and holes in magneto-optics of direct-band bulk semiconductors lead to the conclusion that  
in magnetic fields of the order (105 - 106) G (both stationary and pulsed) the utmost ly short 
and powerful pulses of coherent of duration ~ (0.1 - 1) ps and intensity ~ 100W/cm 2 can be 
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obtained. To create the required population of degenerate eh pairs at the ground Landau level 
one needs a pulsed and, generally speaking, incoherent pump of duration ~< r2 and intensity (106). 
The ultrashort SR pulses are spontaneously generated in a small active region of semiconductor 
with typical sizes 3//m 2 x 30 #m due to instability of self-consistent oscillations of field and 
polarization of eh plasma t the frequency of recombination resonance. The corresponding growth 
rate ~" (69) determining the duration of SR process may exceed (under certain conditions) the 
rates of incoherent relaxation, first of all the intraband rate, r~ -1, even at room temperature. 
Hence, recombination SR of eh plasma becomes fully coherent, independent on relaxation and 
thermal effects. Therefore, the pulses of the shortest possible duration are generated. 
The maximum intensity of these pulses, cE~/8~r, or their maximum field amplitude, Era, is 
determined by self-consistent onlinear dynamics of radiation and polarization, and the density 
of eh plasma. The simple estimate from equating the Rabi frequency Emdeh/h, with the max- 
imum spectral bandwidth 2~" of the SR field gives the value Em "~ 2~"/deh ~> 2 x 105 V/cm. 
It establishes the upper limit on the possible amplitudes of a coherent field generated in a semi- 
conductor in the absence of an external resonant field and high-Q resonator. The same estimate 
follows from the energy balance, eoE~/4~r ,,~ ~0N*/2. 
The question whether the established parameters impose fundamental limitations i equivalent, 
from the practical point of view, to the question whether it is possible to achieve the generation 
of more powerful and shorter pulses in semiconductors. The answer turns out to be ambiguous, 
even within the employed model of an idealized semiconductor neglecting any additional spectral 
peculiarities of eh states. The definite "No" seems to be correct only in the superradient regime 
~" > r21, that is, when the generation of coherent pulses is fully independent on the kinetic 
relaxation of electrons and holes. 
At the same time, for a given value of the SR growth rate ~" we may turn to the common laser 
(rate) generation regime by increasing the kinetic relaxation up to the value r~-1 > ~,  by using 
phonons, plasmons, impurities, or defects. Then, the employment of the well-known methods 
(mode-locking, Q- and w-modulated resonators, pulse-compression, etc.) in combination with 
modern quantum-well lasers makes it possible to obtain more powerful and shorter pulses of a 
duration up to r2 ~< 0.1 ps and maximum field amplitude up to h/'r2deh [46,58,59,64,65]. 
Nevertheless, in practice the duration of pulses generated in modern heterolasers with high-Q 
resonators usually exceeds one picosecond [55,56,60-64,66,67]. That is why the real opportunity 
to shorten the pulse duration entirely due to the coherent process of superradiance, i.e., collective 
spontaneous recombination f eh pairs, without use of special resonators and complicated schemes 
of laser generation with subsequent pulse compression, appears attractive. 
4. CONCLUSIONS 
In conclusion, we give a short summary of the results obtained and emphasize the common 
features and differences in the described phenomena for e-e + and eh plasmas. 
1. There exists a process of collective annihilation (recombination) of a sufficiently dense, de- 
generate lectron-positron (electron-hole) plasma in a strong (quantizing!) magnetic field 
that develops considerably faster than incoherent processes of spontaneous and collisioual 
relaxation. 
2. Collective annihilation (recombination) occurs due to instability of the normal waves in 
a narrow band of frequencies and wave numbers near the threshold value defined by the 
width of the energy gap between particle and antiparticle states, see Figures 1 and 7. The 
maximum growth rate of the instability (23),(75) is greatly enhanced near the annihilation 
threshold ue to the square-root singularity in the spectral density of particle states on the 
Landau levels (12),(63). It is, in fact, this enhancement which allows one to overcome the 
incoherent relaxation processes and makes collective annihilation (recombination) possible. 
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There exists a threshold value of particle density which saturates the maximum growth 
rate of the annihilation (recombination) instability; see (27),(76). When the threshold 
density is achieved, all particle states, annihilation from which can contribute to the given 
radiation field mode, become occupied, and further increase of density has no effect on 
the value of the maximum growth rate of this mode. 
In the collective annihilation (recombination) process, the spontaneous fluctuations of the 
field and polarization in a plasma develop into a powerful coherent radiation. In the uni- 
directional model of propagation, the dynamics of the radiation is described by the inter- 
mediate asymptotics (35),(82) at the linear stage and by the self-similar solution (43),(84) 
at the nonlinear stage, both of them depend on the single combination < cx s2j3 t1i3. 
The differences between the process of collective annihilation of an e-e+ plasma and 
collective recombination of electrons and holes in semiconductors, apart from the trivial 
scaling because of different values of the energy gap and particle masses, are mainly due 
to the following points: 
l Essentially nonrelativistic motion of particles in semiconductors. This allows one to 
neglect the photon recoil and, therefore, to consider only the direct vertical interband 
transitions. As a result, each recombinating eh pair can be treated as a radiating 
dipole, and the continuous energy spectrum of particles can be adequately taken 
into account by introducing an effective inhomogeneous broadening in an ensemble of 
radiating high-frequency dipoles. 
l The dielectric properties of isotropic bulk semiconductors in a strong magnetic field 
are still described by a dielectric constant (and not by a tensor) because of a small 
value of an electron gyro-radius ss compared with the resonance lectromagnetic wave- 
length. Also to this point, an electron-hole plasma is bound in a semiconductor, in 
contrast to electrons and positrons freely flying apart. Both features lead to differ- 
ent angular and polarization properties of e-e+ annihilation and eh recombination 
superradiance. 
l The importance of even small reflections at the facets of a semiconductor sample. 
They give rise to the possibility of a mode superradiance which occurs due to insta- 
bility of discrete modes formed by counter-propagating waves. In sufficiently short 
samples, mode superradiance develops much faster than the instability of waves with 
a continuous spectrum, thus eliminating the unidirectional regime of superradiance; 
see Section 3.5. 
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